We study the thermodynamics of the large N non-commutative super Yang-Mills theory in the strong 't Hooft coupling limit in the spirit of AdS/CFT correspondence. Although the thermodynamic quantities of nearextremal D3-branes with NS B fields, which are dual gravity configurations of the non-commutative N = 4 super Yang-Mills theory, are the same as those without B fields, there are some differences in the thermodynamics of the ordinary and non-commutative super Yang-Mills theories. In particular we discuss the differences in three aspects. (1) We examine the α ′3 R 4 corrections to the free energy and find that they give a negative entropy correction. This is consistent with the expectation that because of the non-commutative nature of the spacetime coordinates, there is a reduction of the degrees of freedom in the ultraviolet regime, compared to the ordinary case. (2) We find that the stress-energy tensor of the super Yang-Mills is not isotropic and its trace does not vanish, which confirms that the non-commutative super Yang-Mills theory is not conformal even in four dimensions. (3) We consider the thermodynamics of a probe D3-brane in the near-extremal D3-brane background. The entropy of the probe is increased relative to that in the background without B field, which suggests that in the low-temperature and weak coupling limit the one-loop contribution would not be exponentially suppressed for the non-commutative super Yang-Mills theory. * 1 These and more general solutions are also discussed in [15] in IIA, IIB and d = 11 supergravities.
I. INTRODUCTION
The super Yang-Mills theory (SYM) on non-commutative spaces is a natural generalization of the SYM on the ordinary commutative spaces. Such a non-commutative SYM has been found to arise naturally in a certain limit of string theory with NS B fields [1] [2] [3] [4] [5] . The spirit of the AdS/CFT correspondence [6] [7] [8] [9] leads one to try to find out the supergravity dual of the non-commutative SYM. Recently Hashimoto and Itzhaki [10] , and Maldacena and Russo [11] constructed independently the supergravity dual configurations of the noncommutative SYM's, which are the decoupling limits of D-brane solutions with NS B fields. Some of the latter have been also constructed in [12] [13] [14] before. 1 The supergravity dual of the non-commutative SYM can also be constructed by using the relationship between the open string moduli and closed string moduli [16] . In this construction, the only input is a simple form of the running string tension as a function of energy.
In the AdS/CFT correspondence, of particular interest is the D3-brane solution. Its decoupling limit has the structure AdS 5 × S 5 , and the type IIB string theory on this background is supposed to be dual to the four-dimensional N =4 SYM in the large N and strong 't Hooft coupling limit. At finite temperature the theory is described by the near-extremal D3-brane configuration [6, 17] . According to the AdS/CFT correspondence, the decoupling limit of D3-brane solutions with B fields is supposed to be the dual gravity description of the non-commutative SYM in four dimensions [10, 11] . An interesting question then arises: Are the total numbers of degrees of freedom the same for the non-commutative and ordinary SYM's at a given scale? Maldacena and Russo [11] have discussed the thermodynamics of near-extremal D3-branes with B fields and found that the entropy and other thermodynamic quantities are the same as those of the corresponding D3-branes without B fields. On this basis, they argued that the total number of physical degrees of freedom of the non-commutative SYM at a given scale coincides with the ordinary case.
In the present paper we would like to investigate further aspects of thermodynamics of the non-commutative SYM from the supergravity side and compare them with the ordinary SYM cases. In Section II, we introduce the black D3-brane solutions with NS B fields and calculate some of their thermodynamic quantities. Most of the results are known, but these are needed to compare with our results. This also serves to establish our notation. In Section III we calculate the corrections from the higher derivative terms (α ′3 R 4 ) to the free energy of the non-commutative SYM. We find that there is a significant difference between the corrections in the ordinary and non-commutative cases. The result is that the entropy for the non-commutative SYM is reduced compared with the ordinary case, consistent with the expectation that the number of degrees of freedom is reduced because of the non-commutative nature of spacetime at high energy.
In Section IV, we compute the stress-energy tensor of the non-commutative SYM on the supergravity side. As is already known, the thermal excitations of D3-branes without B fields are of the form of an ideal gas in four dimensions. The entropy of near-extremal D3branes can be accounted for by the ideal gas model [18] ; its stress-energy tensor is isotropic and its trace vanishes [19] , which confirms that the SYM is conformally invariant in four dimensions. Our result shows that the stress-energy tensor of the non-commutative SYM is not isotropic and its trace does not vanish, which reflects the fact that the non-commutative SYM is not conformal even in four dimensions. In Section V we consider the thermodynamics of a static probe D3-brane in the background produced by near-extremal D3-branes with B fields. According to the interpretation of the D-brane action, the supergravity interaction potential between the probe and the source D3-branes can be interpreted as the contribution of massive states to the free energy of SYM when the SYM is in the Higgs phase, and the distance between the probe and the source can be regarded as a mass scale of the SYM. From the thermodynamics of probe, we find another difference between the two cases. The entropy of the non-commutative SYM is increased, compared to the ordinary case. Section VI is devoted to the summary of our results and discussions.
II. THE BLACK D3-BRANE SOLUTION WITH B FIELD AND ITS THERMODYNAMICS
The supergravity solution corresponding to D3-branes with a nonvanishing NS B fields has been constructed in [12] and [14] . The simplest way to get the solution is to start with a D3-brane solution without B field. First make T-duality along x 3 (the world-volume coordinates are x 0 , x 1 , x 2 and x 3 ), which gives a D2-brane solution with a smeared coordinate x 3 , perform a rotation with an angle θ in the x 2 -x 3 plane and then T-dualize back on x 3 . This procedure yields the desired solution with a nonvanishing B field along x 2 and x 3 directions [11] . The prescription is also applicable to the black D3-brane solutions. The black D3-brane solution with B field along x 2 and x 3 directions can be written in the string metric as
where
The D3-brane charge satisfies R ′4 cos θ = 4πgα ′2 N. Here R ′4 = r 4 0 sinh α cosh α, N is the number of coincident D3-branes, and g = g ∞ is the asymptotic value of the coupling constant. The solution interpolates between the black D-string solution (θ = π/2) with the smeared coordinates x 2 and x 3 and the black D3-brane solution without B field (θ = 0).
Taking the decoupling limit [11] α ′ → 0 : tan θ =b α ′ , x 0,1 =x 0,1 ,
whereb, u, u 0 ,g, andx µ kept fixed, the solution (2.1) becomes
5)
andĝ =gb is the value of the string coupling in the IR and R 4 = 4πĝN = 2g 2 YM N ≡ λ is the 't Hooft coupling constant of gauge theory.
Let us first discuss the extremal casef = 1 in the solution (2.4). The solution (2.4) reduces to the familiar product spacetime AdS 5 × S 5 for a = 0, while it deviates from the anti-de Sitter space for a = 0. Thus, in the spirit of AdS/CFT correspondence the solution (2.4) is proposed to be the gravity dual of the non-commutative SYM and the parameter a reflects the non-commutative nature of space. When u → 0, the solution (2.4) approaches the AdS 5 ×S 5 , which corresponds to the IR regime of the gauge theory. This is in agreement with the expectation that the non-commutative SYM reduces to the ordinary SYM at long distances.
Next, for non-extremal solution (2.4), just like the pure black D3-brane case, the thermodynamics of the non-extremal solution (2.4) should be equivalent to that of the noncommutative SYM in the large N and strong 't Hooft coupling limit. However, the solution (2.4) is neither asymptotically flat nor asymptotically anti-de Sitter. Hence it is difficult to calculate the energy excitation of the non-commutative SYM directly from the solution (2.4). To discuss the thermodynamics of the non-commutative theory, we rather start with the black D3-brane solution (2.1). For our purpose, it is convenient to rewrite the solution in the Einstein frame, which has the following form:
We can further make compactification of the D3-brane world-volume and go to the Einstein frame. From the metric, we can easily obtain the ADM mass M, Hawking temperature T and entropy S of the solution, which are found to be
where G 10 = 2 3 π 6 g 2 α ′4 is the gravitational constant in ten dimensions and V 3 is the spatial volume of the world-volume of the D3-brane. We are interested in comparing these thermodynamic quantities with those of black D3-branes without B fields. We have just found that these quantities are independent of the parameter θ. Thus they are exactly the same as those without B field [20] . 2 In the decoupling limit, the excitation above the extremality of the black D3-brane corresponds to a thermal state of the corresponding SYM. Considering the limit (2.3), from (2.7) we have the energy E, temperature T and entropy of the large N non-commutative SYM in the strong coupling limit:
Obviously these thermodynamic quantities satisfy the first law of thermodynamics dE = T dS. The free energy F of the gauge theory, defined as F = E − T S, can be expressed in terms of the temperature:
Of course, the free energy is also the same as that of ordinary SYM [18, 21] . This result is quite interesting, which leads Maldacena and Russo [11] to argue that at a given scale the total number of degrees of freedom of the non-commutative SYM coincides with the ordinary case. No doubt it would be of much interest to further investigate this result and try to see if this is modified by any corrections. Motivated by this observation, we are now going to compute the higher derivative term corrections to the free energy of the non-commutative SYM.
III. THE α ′3 R 4 CORRECTIONS TO THE FREE ENERGY
The black configuration (2.1) is an exact solution of type IIB supergravity, which is a low-energy approximation of superstring, keeping only the leading contribution of massless states in the α ′ expansion. The non-leading contributions from massive string states appear as corrections to this low-energy action in the form of higher derivative curvature terms. In type IIB supergravity the lowest correction can be symbolically written as α ′3 R 4 µνρσ , where R µνρσ represents the Riemann tensor of spacetime. Exploiting the field redefinition ambiguity, the correction can be written in the Einstein frame as [21] 
where γ = ζ(3)α ′3 /8 and C pqmn denotes Weyl tensor. Such corrections to the free energy of the SYM on the three-torus T 3 , the three-sphere S 3 , and even on a hyperbolic space H 3 have been calculated in [21] [22] [23] [24] . In the Einstein frame the decoupling limit metric of the black D3-brane solution with B field can be expressed as
2)
wheref ,h and the dilaton φ are given in eq. (2.5). Substituting (3.2) into (3.1), one has the free energy 3 16 The integrand reduces to 180u 16 0 /r 13 for a = 0, which precisely agrees with the result for Schwarzschild-anti-de Sitter black holes [21, 23, 24] . For a nonzero a, the integration (3.3) gives a divergent result. This is caused by the fact, as mentioned above, that the solution (3.2) is neither asymptotically flat nor asymptotically anti-de Sitter. Therefore, as usual, we should define the free energy by subtracting the contribution from a reference background geometry which we take the extremal background with u 0 = 0. Note that this does not affect the value of the integrand for a = 0. After this subtraction, we get a finite value: When a → 0, the term in the square bracket in (3.4) does not give the expected value 15 for the Schwarzschild-anti-de Sitter black hole, but a surprising value −167/567, much smaller than 15. That this correction changes its sign has a great significance. From this correction term to the free energy, one may obtain the correction to the entropy by △S 1 = −δ(△F 1 )/δT . The result given above implies that even for a very small a, the correction term is changed drastically. Furthermore, for small a, the correction to the free energy is positive and therefore the total free energy increases, compared to the uncorrected free energy F in (2.9). Thus, the entropy decreases in the high-temperature regime due to the higher derivative term correction (we have checked this numerically). This is quite different from the ordinary SYM on the T 3 , where the corrected entropy is found to increase when the higher derivative corrections are taken into account [21] . That the higher derivative terms, which just reflect the short-distance effect, gives a negative entropy correction in our case is in fact consistent with the expectation that there might be a reduction of the degrees of freedom relative to the usual gauge theory [11] because of the non-commutative nature of spacetime coordinates in the ultraviolet regime. Though we have checked this numerically in the lowest nontrivial order in the α ′ expansion, our result gives an explicit evidence of this reduction.
IV. THE STRESS-ENERGY TENSOR OF THE NON-COMMUTATIVE SYM
In Section II we have seen that the entropy of the non-commutative SYM is the same as that of the SYM at a given temperature scale or energy scale. However, from (3.2) we see that, when u → ∞, the area of the torus x 2 , x 3 contracts, while the radius of the S 5 expands. The contraction of area of the torus is just compensated by the expansion of the volume of the S 5 . This seems to imply that there is a redistribution of the degrees of freedom [11] . To compare the distribution of thermal states between the non-commutative SYM and ordinary SYM, it is enough to calculate the stress-energy tensor of the non-commutative SYM on the supergravity side.
For this purpose, we adopt the method developed by Myers [19] by generalizing the ADM mass density formula of p-branes [25] . The stress-energy tensor for the p-brane world-volume can be expressed as
where n i is a radial unit in the transverse subspace, while h µν = g µν − η µν is the deviation of the (Einstein frame) metric from that for flat space. The labels a, b = 0, 1, · · · , p run over the world-volume directions, while i, j = 1, 2, · · · , 9 − p denote the transverse directions. In addition, it should be reminded that the calculations in (4.1) must be done using asymptotically Cartesian coordinates. Rewriting the Einstein metric (2.6) in isotropic coordinates, one has
Substituting (4.2) into (4.1) and setting p = 3 yields
whereR 4 = R ′8 + r 8 0 /4 − r 4 0 /2. The stress-energy tensor (4.4) includes the contribution from the extremal background, which must be subtracted from it in order to acquire the required quantity. The contribution of the extremal background can be obtained directly from (4.4) by setting r 0 = 0:
Subtracting (4.5) from (4.4) and taking the near-extremal limit,R 4 ≈ R ′4 − r 4 0 /2, we finally get the stress-energy tensor for the non-commutative SYM in the large N and strong coupling limit For θ = 0, eq. (4.6) reduces to the result for the ordinary SYM, which is of the form of an ideal gas in 3+1 dimensions. In that case, its trace is zero. This is in accordance with the fact that the ordinary SYM is conformally invariant in four dimensions. On the other hand, for θ = 0, eq. (4.6) gives the stress-energy tensor for the non-commutative SYM. In this case, the tensor is not isotropic and its trace does not vanish. It reflects the fact that the non-commutative SYM is not conformal even in four dimensions. In addition, we confirm that the T 00 component of the stress-energy tensor (4.6) in the decoupling limit indeed gives the energy density of the non-commutative SYM given in (2.8).
V. THE THERMODYNAMICS OF A PROBE BRANE
We know that the solution (2.1) describes N D3-branes coinciding with each other. The configuration represents the non-commutative SYM with gauge group U(N) in the Higgs branch, in which the vevs of scalar fields are zero. Therefore the thermodynamics given in Section II is the one for non-commutative SYM in the Higgs branch. We now want to discuss the thermodynamics of the non-commutative SYM in the Coulomb branch, in which the vevs of some scalar fields do not vanish. Corresponding to the Coulomb branch should be a multicenter configuration of D3-brane solutions. One of the simplest cases is that N parallel coinciding D3-branes are separated along a single transverse direction by a distance from a single D3-brane. The gauge symmetry is then broken from U(N + 1) to U(N) × U(1) and the distance can be regarded as a mass scale in the gauge field. However, no stable, multicenter, non-extremal configurations of D-branes have been known. 4 As an approximation, one may consider the probe method. That is, we put an unexcited probe brane in the background of other non-extremal D-branes and regard this as an approximate multicenter solution. Such a method has been used recently to study the thermodynamics of SYM in the Higgs phase [28] [29] [30] [31] .
Considering that the non-commutative and ordinary SYM's have the same thermodynamics at a given scale in the Higgs branch, it would be interesting to compare them also in the Coulomb branch. To this aim, in this section, we investigate the thermodynamics of a probe in the non-extremal D3-brane background. According to the interpretation of D-brane action, the supergravity interaction potential between the probe and the near-extremal D3branes (as the source) can be interpreted as the contribution of massive states to the free energy of gauge fields in the large N and strong 't Hooft coupling limit [28] . The dynamics of a probe D3-brane is governed by the following action:
where T 3 = 1/(2π) 3 α ′2 is the tension of D3-brane. If we consider a static probe in the background (2.1), its Euclidean action is given by
where β is the period of the imaginary time coordinate and is just the inverse Hawking temperature of the black D3-branes. The Euclidean action (5.1) also includes the contribution coming from the extremal background:
Thus, the free energy F p of the probe is obtained as follows:
After a careful calculation and in the decoupling limit (2.3), we arrive at
For a = 0, the free energy (5.6) reduces to the result in [28] and [29] . 5 In the low-temperature 5 There is a small difference between the probe free energies in [28] and [29] , which arises as follows. In the decoupling limit, although H 0 ≈ 1 α ′2 R 4 u 4 , and H ≈ 1 α ′2 R 4 u 4 , the difference H 0 − H does not vanish, but gives a finite value u 4 0 2u 4 . This is just the additional term appearing in [29] . The additional term is important in the interpretation of the probe free energy. The additional term is also absent in [30, 31] . or long-distance limit, expanding the free energy (5.6) and using u 0 = πT , we get 6
(5.7)
When a = 0 and u is replaced u by u/ √ λ, eq. (5.7) precisely gives the result given in [29] . Note also that the first term in (5.7) is absent for a = 0 and that the leading term has the form T 8 /u 4 . This is consistent with the expectation that, in the weak coupling and low-temperature limit, the contributions of one-and two-loops are exponentially suppressed [28, 29] . The leading term is a three-loop contribution. However, for the noncommutative SYM, the parameter a is not zero. Thus the first term in (5.7) gives an additional contribution, compared to the ordinary case. That is, in the non-commutative SYM, the leading term has the form T 4 . This implies that in the weak coupling limit, there should be one-loop and two-loop contributions for the non-commutative SYM, in contrast to the ordinary SYM. This is a prediction from our above calculation.
In the high-temperature or short-distance limit, we have to use the isotropic coordinates defined in (4.3). 7 Defining the mass scale M = ( √ 2ρ − u 0 ), we obtain
Expanding (5.8) for the small M/πT yields
For a = 0, eq. (5.10) reduces to the result for the ordinary SYM [28, 29] . Let us compare this with the free energy in the weak coupling limit. The one-loop free energy of the N =4 SYM in the weak coupling has the following high-temperature expansion [28] :
Note that there is a difference by a factor of R 2 in the rescaling of r and r 0 from the definitions in [28] and [29] . 7 Note that there is a difference by a factor of √ 2 in the definition of the coordinate ρ between this paper and [28, 29] . If we use the definition in [28, 29] , the metric will not be asymptotically flat as ρ → ∞.
It is very similar to that for the strong coupling limit (5.10) except the term (M/πT ) is absent in the weak coupling. In particular, in the massless approximation keeping only the leading terms in (5.10) and (5.11) , one may see that there is also the well-known difference by a factor of 3/4, which occurs in comparing the supergravity calculation and weak coupling calculation of the entropy for the N =4 SYM in the Higgs branch [18, 21] .
For a = 0, we see from (5.10) that the free energy and then the entropy are increased for the non-commutative SYM, compared to the ordinary case. This is again in agreement with the low-temperature expansion (5.7). Our result implies that the one-loop free energy would increase for the non-commutative SYM in the weak coupling limit as well.
Given the free energy of the probe, one may get the entropy and heat capacity of the probe by
Due to the appearance of the square root in (5.6), one finds that the entropy and heat capacity of the probe are divergent when u = u 0 , which means that the probe is just at the horizon of the black D3-brane. From the point of view of field theory, it implies that for a fixed mass scale, there is a maximal temperature limit [28] , beyond which the system will be unstable thermodynamically. The critical temperature is independent of the noncommutativity parameter a. That is, the critical temperature is the same for both the ordinary and non-commutative SYM's. Furthermore, the divergence of the entropy and heat capacity of the probe means that there is some kind of phase transition for the gauge theory in the Coulomb branch. Note that there is no phase transition for the gauge theory on the T 3 in the Higgs branch.
VI. CONCLUSIONS
To summarize, we have investigated some aspects of thermodynamics for the noncommutative SYM in the large N and strong 't Hooft coupling limit on the supergravity side. Although the entropy and other thermodynamic quantities of black D3-branes with NS B fields are the same as those without B fields, the stress-energy tensor of thermal excitations is different. For the ordinary SYM the stress-energy tensor is of the form of an ideal gas in four dimensions. It is isotropic and its trace is zero. On the other hand, for the non-commutative SYM, the tensor is not isotropic and its trace does not vanish, which confirms that the non-commutative SYM is not conformally invariant even in four dimensions. Note that in the solution (2.1) the NS B field has component only in x 2 , x 3 directions. It means that the coordinates x 2 and x 3 are non-commutative, while x 0 and x 1 are the ordinary commutative coordinates. One may consider D3-brane solutions with both B 01 and B 23 components. We do not expect that the stress-energy tensor will be isotropic in that case either if the non-commutativity measurements are different for different directions.
We have considered the higher derivative term corrections to the free energy of the noncommutative SYM, which shows quite different behavior from the case of ordinary SYM. In particular, even for a small parameter a, the correction changes drastically. The negative free energy correction becomes positive. It means that the higher derivative terms may give a negative entropy correction to that of the non-commutative SYM. This makes a sharp contrast to the ordinary case where the higher derivative terms always give a positive entropy correction. This result is in agreement with the expectation that in the ultraviolet regime there may be a reduction of the degrees of freedom because of the non-commutative nature of spacetime, compared to the ordinary case.
We have also studied the thermodynamics of a probe in the background produced by the black D3-branes with B fields and compared it with that in the background produced by the black D3-branes without B fields. In accordance with the interpretation of the D-brane action, the free energy of a static probe can be regarded as the contribution of massive states to the free energy of non-commutative SYM in the Higgs phase and the distance between the probe and the source can be explained as a mass scale in the gauge theory. From the thermodynamics of the probe we have also found the difference between the ordinary and non-commutative cases. The free energy and then entropy of the non-commutative SYM increase, compared to the ordinary case. In particular, our result implies the existence of oneloop contribution in the weak coupling limit of the non-commutative SYM. Note that in the ordinary case, the one-loop and two-loop contributions are exponentially suppressed in the weak coupling, while in the strong coupling limit, the one-loop and two-loop contributions are absent.
In conclusion, from our calculations we find that the thermodynamics of the ordinary and non-commutative SYM's are different at some scale, and hence the total numbers of degrees of freedom are also different for the two theories.
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